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SUMMARY 

The diffusion of 22Na+ through a composite system consisting of a layer of 
phospholipid sol and a layer of bovine plasma albumin have been made using a modi- 
fied form of the continuous monitoring method. When o.ooI M CaC12 and cholesterol 
is added to each layer a membrane is formed at the interface and affords a resistance 
to diffusional flow. Equations have been developed using Laplace transform theory 
from which the permeability coefficient of this membrane can be calculated. 

INTRODUCTION 

Conductimetric work by SAUNDERS 1, 2 has shown that when an ultrasonicated 
phospholipid sol containing Ca 2+ and Na + and cholesterol is layered on an albumin 
solution also containing these substances, a membrane is formed at the phospholipid- 
protein interface, and that there is a resistance to diffusion of the Na + at this interface. 

In this paper we describe the measurement of the permeability coefficient of 
22Na+ across a synthetic phospholipid-protein membrane and we have used a modified 
form of the continuous monitoring apparatus 3, 4 which we have described previously a, 6. 
The composite systenl consisting of protein solution and phospholipid sol is contained 
in a length of precision bore capillary tubing which is placed in the well of a NaI 
crystal of a scintillation counter. Surrounding the crystal is a large reservoir of inactive 
NaC1 solution of the same strength as that contained in the capillary, and it is stirred 
at such a speed that the concentration of 22Na-4 at tlle tip of the capillary is zero 
during the diffusion run. The method resembles, but is not equivalent to a self-dif- 
fusion technique. The equations which describe the activity of the tracer in the capil- 
lary are developed in the first part of this paper and is followed by a description of 
the experimental techniques and a discussion of the results. 

THEORY 

A finite system with a membrane at the interface 
A diagrammatic representation of the system is given below 

[ |  x = o (open  end) 

x = ll (membrane) 

X 1 : ll + 12 
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Application of Fick's law to each layer gives 

= . 1  
6t z \ 6x~ ] t  

6t x \ 6x  2 /~ 

where D t and  q ( x , t ) ,  D 2 and c2 (x , t  ) are the  diffusion coefficient and  
22Na+ in layers  I and  I I ,  respect ively.  

Eqns.  I and  2 were solved to comply  with the  ini t ia l  condi t ion 

c l ( x , t )  = c z ( x , t )  = c ( x , o )  l >  x > o ,  t = o 

and the following boundary conditions 

c l ( x , t )  - -  o a t  x = o, t > o 

D1 \ - - 6 x x - - ] t  = D2 \ - - ~ x - - ] t  at  x = l, t > o 

( & d x , t ) ~  = n ( c 2 ( x , t )  - -  c , ( x , t ) )  a t  x = l l ,  t > o 
D1 k - - ~ x - - /  t 

where H is the  pe rmeab i l i t y  coefficient 

= ~ x x  t o a t  x = l, t > o 

Using 
and  2 

479 

(i) 

(2)  

activity of 

(3a) 

(3b)  

(3c) 

(3 d ) 

(3e) 

the notation of CARSLAW AND JAEGER 7, the Laplace transforms of Eqns. I 
a r e :  

d2[1 c(x,o) 
- - - - q l 2 c l  + o (4) 
dx 2 D1 

d2c2 c(x,O) 
- - - - q 2 2 c  ~ + - - =  o 
dx 2 D 2 

where c 1 = Q ( x , t ) / p ,  c 2 = c 2 ( x / ) / p ,  q l  = ( P / D 1 )  ~ and  q2 = ( P / D 2 )  ~ 

The t rans formed  b o u n d a r y  condi t ions become:  

~i ~0, X ~ O  

d ~  d72 
D t ~ x  = D 2  d-~-atx  = ll 

dT1 = H ( & -  C-l) a t  X = l 1 D1 ~ x  

dc2 
- - o a t x = /  

dx 

(5) 

(6b} 

(6c) 

(6d) 

(6e) 
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480 J. A. CASTLEDEN, R. FLEMING 

Solut ions of the  differential  Eqns.  4 and  5 are:  

~(x,o) 
c-~ = A1 cosh  qtx + B~ s inh  qlx + - - - -  (7) 

P 

~(~,o) 
c2 = A2 cosh  q2x + Be s i n h  q2x + - - - -  (8) 

P 

The coefficients A and  B in Eqns.  7 and 8 were eva lua ted  using the  b o u n d a r y  
condi t ions  and subs t i tu t ion  of their  values in Eqns.  7 and 8 y ie lded Eqns.  9 and  i o  

c~ - c ( x , o )  c ( x , o )  

P P 
[Dlql s inh  q212 cosh  qt(I~ - -  x) + H k  cosh  q~lz cosh  qt(la - -  x) + H s inh  q212 s inh  q~(ll - -  x)] 

[Dlql cosh  qlll s i n h  q212 + H k  cosh  qall cosh  q212 + H s inh  qlll s inh  q21~] 

~ = c ( x , o )  c ( x , o )  

P P k H  cosh  q2(ll + lz - -  x) 

[Dlql cosh  qlll s inh  qzle + H k  cosh  qlla cosh  q2lz + H s inh  qlll s inh  qele] 

(9) 

(io) 

where k = (D1/D2)  ~. The t ransform of c ( x , o ) / p  is c(x ,o ) .  Appl ica t ion  of the  inversion 
theorem for Laplace  t r ans format ion  to the second te rm on the r ight  hand  side of 
Eqns.  9 and  IO yie lded 

g 2t 
Cl = c(x,o) c(x,o) |.? ~ 

2.~Z d A 

[Dl tq  s i n h  #212 cosh  I~1(11 - -  x) + H k  cosh  1~212 cosh  tq ( l l  - -  x) - -  H sinh/~2l~ s i n h / q ( l j  - -  x)] d~ 

~D1/~I cosh  itlll s i n h  H212 + H k  cosh  p i l l  cosh/~212 - -  H s inh  #1/1 s inh  pel2] 
( I I )  

In  the  above  equat ion  A is wr i t t en  in place of p as c, is regarded as a function of a 
complex  var iable .  Thus  p - +  A, q-~-l~,  therefore #1 = (~./D1)t,  /~2 = (A/D2) ½, and 
fl = i t , ,  since the  in tegrand  in Eqn.  i i  is equal  to 2~i t imes  the  sum of the  residues 
of i ts  in tegrand  at  poles 2 = o, and  An = - -  D l f l n  2, where ~ /~n (n i ,  2, 3 . . . )  are 
the  roots  of the  denomina to r  of the in tegrand.  

Making the app rop r i a t e  subs t i tu t ions  for 2 and/~ ,  Eqn.  I I  becomes 

cl = c(x,o) ' " " 2 

[Dlfln s in  flnhl2 cos fi,d/1 - -  x) - -  H k  cos finkl2 cos fln(ll - -  x) + H s in  $nkl2 s in  fln(ll - -  x)]" d~. 

[Dlfln cos / / n l l  s in  kflnl2 - -  H k  cos flnll cos flnkl2 + H s in  flnll s in  flnkl2] 
( i~)  

The residue at  the  pole )t = o, is c(x ,o) ,  and the  residues when [Dl f ln  cos f inl  1 sin 
kf ln l  e - -  H k  cos f inl  1 cos f l~kl  2 + H sin f lnl  1 sin [3nkl,z! - -  o are 

l im  (2 - -  ~ )  C(X,O) /_, 'i ~ ,l n [Dlfln cos flnll sin flnl2 - -  H k  cos flnll cos flnkl2 + H s in  flnll s in  flnkl2] 

e~t[Dlfln s in  flnkl2 cos H n ( l l - - X ) - - H k  cos flnkl2 cos f ln ( l l - -x )  + H sinflnkl2 s inf ln( l l - -X)]  
• l im 

( I3)  
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PERMEABILITY OF A PHOSPHOLIPID--PROTEIN MEMBRANE 481 

Applying L'Hospitals  rule gives 

2c(x,o) ~ J~ 
n = l  

[Dlfln s in  tinkle cos fln(ll - -  x) - -  H k  cos  tinkle cos  fln(ll - -  x) @ H s in  tinkle s in  fln(ll - -  x)] 

[tnDlkl2 cos flnll cos tinkle + (Hk212 + Hl l  + D1) cos flnll s in  tinkle + 

+ H k ( l l  + /2) s in  flnll cos flnkl2 - - f lnDllx  s in  tint1 s in  tinkle] 

Summing the residues, Eqn. 12 therefore becomes 

~ e--hit~n2t 

o(x,t) = 2c(x,o) t 
n = l  

~Dlfln s in  tinkle cos fin (/1 - -  x) - -  H k  cos  tinkle cos fln( ll - -  x) + H s in  tinkle s in  fin (/1 - -  x)] 

(14) 

[flnDlkle cos  flnll cos  tinkle + (Hhel~ + Hl l  + D1) cos  flnll s in  tinkle + 

+ Hh(l l  + le) s in  flnll cos tinkle - -  flnDlll s in  flnll s in  tinkle] ( I 5 )  

Integration of Eqn. 15 with respect to x, from o to l will give the total activity in 
layer I at time t. 

f l l  
Cl = j o Cl(X,t)dx (16) 

2Coll ~ e - a ~ v l t  

Cl - -  (/1 + 12) 
n = l  

[Hk cos tinkle s in  flnll + H s in  tinkle cos  flnll - -  Dlfln s in  tinkle - -  H s in  flnkle~ 
(17) 

[flnDlkle cos flnl cos  tinkle + (Hk2le + Hl l  + D1) cos  flnll s in  tinkle + 

+ Hk( l l  + 12) s in  t i l l  cos  tinkle - -  flnDlll s in  flnll s in  tinkle] 

where co is the total activity (i.e. from o to l) in the capillary at t = o. 
Eqn. io was inverted in a similar manner, and integrated with respect to x 

over the length l 1 to l~ to give the total concentration c~, 

2cole ~ e -B~nlt 

ce - -  ( l l  + le) 
n - 1  

H s in  tinkle 
(I8) 

[flnDlkl2 cos flnll cos  tinkle + (Hkel2 + Hl l  + D1) cos  flnll s in  tinkle + 

+ Hk( l l  + 12) s in  tint1 cos flnkl2 - -  flnDlll s in  t i l l  s in  tinkle] 

The total activity in the tube at time t is given by the expression 

C = c 1 + C2 (19) 

Finite system without resistance to diffusion at the interface 
The diagram shown in the Is t  paragraph of this section is a diagrammatic re- 

presentation of the system except now that  at ll there is no membrane. The initial 
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482 J. A. CASTLEDEN, R. FLEMING 

condition is as Eqn. 3a, and the boundary  conditions 3b, 3c, 3e apply. Boundary  
condition 3d is replaced by 

c l (x , t )  = c2(x,t)  at x -- 1, > o (3f) 

Proceeding as previously, the constants A and B for Eqns. 6 and 7 were found using 
the initial and boundary  conditions described above. Thus, 

cl ~(.,o) ~(~,o) 

P P 
[cosh q2lz cosh q l ( / 1 -  x, + _~sinh q212 sinh q1( /1 -  x!] 

(20)' m 

k cosh qlll cosk q~12 + a sinh qlla sinh q212 / 

and 

c(x.o) 
g2 - -  

P 

where  = l l k .  
I 

cosh q~_(ll + 12 - -  x) 
c(x,o)p [cosk q,ll cosh q~7, -4- ~ s i n k  q-ill sink q212-] 

Inversion of Eqns.  2o and 2I  yielded 

c~(x,t) = 2c(x,o)  fit, 
n = t  

[cos flnkl2 cos fln(ll - -  x) - -  sin flnkl2 sin fln.(lt - -  x)] 

[(/1 -~- 12) sin flnll COS flnkl2 + (kl2 + ll) cos flnla sin flnkl2] 

(20 

(22} 

e_Dlfl2nt 

c2( . , t )  = 2c(.,o) /% 

n 1 

cos fink(ll + 12 - -  X) 
~(ll @ 12) sin flfll cos flnkl2 + (k12 : 11) COS fl,,la sin flnkl2] 

(23) 

Integrat ion of Eqns. 22 and 23 with respect to x gave expressions for the total concen-  
trat ion in each of the layers I and I I  and is given by  Eqns. 24 and 25, respectively. 

,) 
cc 

2C0/1 ~ e 

cl -- (11 =-12) 2-, fl,~ 
n 1 

[cos flnkl 2 sin flnll -- a sin flnkl2 cos flnll - -  a sin nkl2] 
(24} 

"[(11 + 12) sin flnll cos fl,~klz + (klz + al,) cos flnll sin flnkl=] 

and 

fl2Dlt 
2c012 ~ e 

C2 - -  ( /1 @ 12) - - / ~ 1 2  

n = 2  
sin flnkl2 

[(11 + 12) sin flnll cos flnkl2 + (kle + I1) cos flnll sin flnkl2] 
(25} 

The total concentration in the capillary at t ime t is thus given by  Eqns. 24 ,  25 and 19. 
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PERMEABILITY OF A PHOSPHOLIPID--PROTEIN MEMBRANE 4 8 3  

When  D 1 = D 2, the  to ta l  concent ra t ion  a t  t ime t is given b y  the equat ion  

--(2n + I)2Dln2t 
8Co ~ I 412 

C -  7g g Z (2"-~-I) 2 e (26) 

n ~ O  

which is val id  for the  finite sys tem consis t ing of one layer  only  from o to I. 

EXPERIMENTAL 

The self-diffusion a p p a r a t u s  used in these exper iments  was a modif icat ion of 
the  cont inuous  moni tor ing  appa ra tu s  and  has been descr ibed previous ly ;  only  a brief 
descr ipt ion will be given here. The reservoir  of 5.5 1 capac i ty  which held the  inact ive  
l iquid had  a b o t t o m  which was shaped  to fit a round  and  into the  well of a 2 inches 
N a I  c rys ta l  of the  sc int i l la t ion counter .  The reservoir  was sur rounded  by  a cons tan t  
t e m p e r a t u r e  wate r  ba th  which was ma in t a ined  at  25 ± o .oi  °. When  the reservoir  
was s t i r red  at  72 rev . /min  (motor  speed electronical ly  controlled) the self-diffusion 
coefficient of Na  + in aqueous o.I  M NaC1 solut ion was found to be (1.279 ± o.oo6) 
• lO -5 cm 2. sec -1 compared  wi th  (I.2779 ~ 0.0023) • IO -a cm 2. sec -1 ob ta ined  by  MILLS 
AND GODBOLE 3. 

A 2-cm length  of precision bore capi l la ry  tub ing  of 0.08 cm in terna l  d iamete r  
was sealed at  one end wi th  a small  globule of glass and  the o ther  end was careful ly 
rounded  to p romote  s t reaml ined  flow over  the  t ip  of the  capi l la ry  tube.  Before use 
i ts in te rna l  length was measured  with  a special ly  a d a p t e d  dep th  micrometer ,  then 
cleaned with  chromic acid and silieoned. IO % (w/w) borine p lasma  a lbumin  and  
IO % (w/w) u l t rason ica ted  lecethin sols were p repared  as descr ibed in a previous  
publ icat ion,  and  each conta ined  o. I  M NaC1 (labelled), o.oor M CaC12, and  cholesterol,  
and  careful ly ad jus t ed  for equal  r ad ioac t iv i ty .  F i r s t  the  capi l la ry  tube  was approx im-  
a te ly  half-fil led wi th  bovine  p l a sma  a lbumin,  and  then lecethin sol was careful ly 
layered  onto the  a lbumin  and  filled the  r ema inde r  of the  tube.  I t  was p laced in the  
well of the  scint i l la t ion counter ,  and  the reservoir  was filled wi th  o.I  M NaC1 (not 
active) conta in ing  o .ooi  M CaCl~ unt i l  the  level of the  solut ion was jus t  below the  
t ip  of the  capi l lary.  The sys tem was allowed to come to t empe ra tu r e  equil ibrium• 
I t  was at  this  s tage t ha t  the  in t ia l  ac t iv i ty  co was de te rmined ,  from the average of 
three,  lO 6 counts.  Inac t ive  solut ion was added  slowly to the  reservoir  unt i l  the  capil-  
l a ry  t ip  was immersed  to a dep th  of 4 ram, and  the t ime was t aken  to be zero at  this  
point.  The sys tem was al lowed to become finite and  then the act iv i t ies  present  in the  
cap i l l a ry  were de te rmined  at  various t imes  t. A t  each count,  lO 6 counts  were recorded,  
and  the t ime t was t aken  to be the  mid-po in t  of this  count• 

RESULTS AND DISCUSSION 

The pe rmeab i l i ty  coefficients l is ted in Column 4 of Table  I were ca lcula ted  as 
follows. The t imes  t, in these exper iments  were grea ter  t han  150000 sec, and  as the  
root  fin was grea te r  than  I when n = 2, the  exponent ia l  t e rm was smal l  and  the second 
and  subsequent  t e rms  of the  summat ion  of Eqns.  17 and  18 made  a negligible contr i -  
but ion,  and  therefore  the  t e rm when n - -  I was the  only one t ha t  was considered in 
the  calculat ion presented  here. 
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484 J . A .  CASTLEDEN, R. FLEMING 

T A B L E  I 

DIFFUSION OF 22Na+  IN A PHOSPHOL1P1D--ALBUMIN COMPOSITE SYSTEM AT 2 5 ~ 

Expt .  I : ~oSD1 = o.9396 cm2"sec 1, io.~D.~ _. t.I [8o C1112"SEC 1, l l  = 0.6600 cm, l 2 = L4865 cm, 
c 0 --- 572.9 sec 1. Expt .  2:1o~111 o.7o~o cm2-sec -1, lo5D 2 .... 1.lI6O cm2.sec 1, ll ~ o.85oo era, 
l, 2 = !.2t)() 5 cm, c 0 = 7oo.8 sec L 

Erpt.  Time Experimental Finite system H >~ Io 4 
No. (scc) count with no (cm/sec) 

resistance 
(cottnts/sec) (counts/sec) 

15 o 093 3IO.7 268.5 0.8297 
162 47 ° 297.4 251.I 0.6474 
175 549 284.5 234.0 0.5206 
236 921 231. 5 168.o o.3149 
252 742 2~9.3 J54.3 o.2934 
265 IOl 2li.() t44. 3 o.2717 

105 o4o 380.2 20o.7 o.315o 
~75 808 370.4 277.8 0 . 2 6 2 5  

188 383 358.8 263.5 o.2268 
204 149 344-4 246-5 °-1993 
252 104 300.2 2OI. 4 0.1688 
265 I97 293.8 19o.0 o. I492 
27I 438 29o.3 ~85 .6 ° . I43I  

T o  e v a l u a t e  t h e  root/3~, w h e n  u = I ,  t h e  d e n o m i n a t o r  of  t i l e  i n t e g r a n d  of  E q n .  r2  

w a s  r e a r r a n g e d  t o  g i v e  

D1 
k co t  file - -  t a n  ~11 . . . . . .  o (27) 

H 

A v a l u e  of  H w a s  c h o s e n  e . g . o . I ,  a n d / 3  w a s  f o u n d  b y  i t e r a t i o n  u s i n g  t h e  N e w t o n -  

R a p h s o n  m e t h o d ,  a n d  u s i n g  H a n d / 3 ,  c 1 a n d  c 2 w e r e  c a l c u l a t e d  u s i n g  E q n s .  17 a n d  I 8  

a n d  h e n c e  t h e  t o t a l  t h e o r e t i c a l  a c t i v i t y .  T h i s  w a s  t h e n  c o m p a r e d  w i t h  t h e  e x p e r i m e n t a l  

a c t i v i t y ,  a n d  if  t h i s  w a s  l a r g e r  t h a n  t h e  t h e o r e t i c a l  v a l u e ,  a n e w  v a l u e  of  H w a s  c h o s e n ,  

e . g . o . o i ,  a n d  t h e  w h o l e  p r o c e s s  w a s  r e p e a t e d  u n t i l  t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  

a c t i v i t i e s  d i f f e r e d  b y  l ess  t h a n  o . I  %.  A t a b l e  of  t h e o r e t i c a l  c o u n t s  w i t h  t h e i r  c o r -  

T A B L E  11 

Root Theoretical H Experimental 
C O ~ l  COU~t 

(counts/sec) (cm/sec) (counts/sec) 

o . 7 1 9 7 5  2 9 6 . 2 8 2  0 . 0 0 0 0 6 8  

0.71921 296.6I 4 o.oooo67 
o.71867 296.956 0.000066 
0.71810 297.307 o.oooo65 297.4 
0.71752 297.669 0.000064 
0.71693 298.o41 o.oooo63 
0.71631 298.425 0.000062 
0.71568 298.820 O.OOOO61 
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PERMEABILITY OF A PHOSPHOLIPID--PROTEIN MEMBRANE 485  

responding values of H and fin were set up about  the theoretical count  nearest to the 
experimental  value and this is illustrated in Table I I  for t = 1647o, Expt .  I (Table I). 

A smooth graph was drawn of H v e r s u s  c and the value of H corresponding to 
the experimental  count  was interpolated from the curve and these are listed in Column 
4 of Table I. Two different batches of lecethin were used in Expts.  I and 2 and this 
accounts  for different values of D~. 

T A B L E  l l I  

IoSDa --  1.116o cm~.sec -1, l = 2.1465, c o - -  [229.0 sec -1. 

Time Experimental  Calculated 
(sec) count count 

(counts/sec) (counts/sec) 

149 789 397.5 407.9 
156 909 398.0 390.8 
236 939 230.° 241-5 
25[ 203 2~r.o 222.3 
262 219 195.7 2o8.1 
322 669 r35.5 ~44.9 
348 412 I t5 .2  t24.2 

A slightly different experimental  procedure from tha t  described previously 
was adopted for the results reported in Table I I I .  As previously described the phos- 
pholipid sol was layered on the albumin solution, and it was then allowed to s tand 
for 6 11 in order to form a membrane  at the interface. The phospholipid solution was 
then very carefully removed so as not to disturb the boundary  and was replaced with 
albumin solution of the same composition as tha t  in the lower layer. From this point 
the experiment was carried out as before, the zero time being taken as the time when 
the capillary tip was immersed in the inactive o.I M NaCl-o.ooI  M CaC12 reservoir 
solution. Theoretical activities at times t were calculated according to Eqn. 26 (using 
term n = I only) and as there is very  little difference from the experimental and cal- 
culated values the system corresponds to a finite layer of length o to l, and there is no 
resistance to diffusion in the middle of the tube. This seems to indicate tha t  more 
ttlan 6 h is required to form the membrane.  Work  is proceeding on semi-infinite 
systenls and the results will be reported later. 

The diffusion of the lecithin sol from the capillary to the reservoir occurs at 
a rate which is in the region of a hundred times slower than that  of the Na +, and 
therefore does not  markedly  alter the system over a period of 5 days. The position 
of the boundary  relative to the tip of the capillary was measured with a kathetometer  
before and after each experiment and in all cases it did not move. I t  appears tha t  
osmosis does not affect the system to any great  extent.  

The method described in this paper has the following advantages:  (i) I t  is 
possible to measure the change in permeabil i ty coefficient of the synthetic membrane  
with time. (ii) Each  layer of the composite system only occupies 25 #1. (iii) Both  
ionic and non-ionic labelled substances can be used provided (a) the radiation will 
pass through the capillary wall to the counter,  or (b) the act ivi ty in the capillary is 
sufficiently strong so tha t  the isotope can be detected in the reservoir fluid 6. 
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